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Abstract 

We study certain subspaces of solutions to the sh rational qKZ equation at level zero. Each 
subspace is specified by the vanishing of the residue at a certain divisor which stems from models 
in two dimensional integrable field theories. We determine the character of the subspace which 
is parametrized by the number of variables and the 3^2 weight of the solutions. The sum of all 
characters with a fixed weight gives rise to the branching functions of the irreducible representa- 
tions of 3^2 in the level one integrable highest weight representations of 5^2 • It is written in the 
fermionic form. 

1 Introduction 

In this paper we study a problem arising from the study of two dimensional integrable quantum field 
theories. It is related with the calculation of the character of the space of local operators. 

Let us first recall the known simplest example to give a preliminary insight on what kind of problem 
we are going to study. For the two dimensional massive Ising field theory in zero magnetic field, the 
problem of classifying local operators reduces to classifying the solutions to the equation |21 El El 

f{xi,- ■ ■ ,Xn-2,X.,-x) ^ 0, (1) 

where f{xi, ■ ■ ■ symmetric polynomial. If we denote i?„ the ring of symmetric polynomials 

of Xj's, the space of solutions of is given by 

n 

Specifying AegXi — 1, V«, M„ decomposes into the direct sum of the degree d subspaces M„(d). The 
generating function of the dimension of Mn{d) is calculated as 

in(n-l) " 

chM„ ^g'^dimM„(d) = , (g)„ - - q^). 

Let M(*), i = 0, 1 be the direct sum of Mn with n being even for i — {) and odd for i — 1. Then 



chM«= - 



n=imod.2 (^)^ 
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These infinite sums can be rewritten into the infinite product form [31 El 



The last expression is tlie cliaracter of tlie Fock space of free fermions. Tlie result is expected because 
the two dimensional Ising model in a zero magnetic field is described, at the critical point, by the free 
fermion conformal field theory. 

The two particle S'-matrix of the Ising model is —1. To go beyond the Ising model there are 
two possibilities. One is to consider models with more complicated but diagonal S'-matrices. In this 
case similar calculations were carried for several models in The other is to consider models with 
non-diagonal S'-matrices. Up to now no similar calculations have been successful in such cases. 

In this paper we carry out similar calculations for the simplest model with a non-diagonal 5- 
matrix, the SU{2) invariant Thirring model In this case the symmetric polynomial / in is 
replaced by a tensor valued function satisfying certain system of equations. The solutions to this 
system of equations are given by multi-dimensional q-hypergeometric integrals. For these integrals 
we have to solve the equation corresponding to Thus the problem we consider looks far more 
complicated than the Ising case. Nevertheless we can solve this problem completely as shown in this 
paper. Let us explain our results supplying more precise statements. 

Let y be a two dimensional vector space and S{f]) the linear operator acting on defined by 

where P is the operator which permutes the components of 1/®^. In general for a linear operator A 
acting on V^"^, we denote Aij the operator on V®" which acts i-th and j-th components as A and 
other components as an identity. 

Consider the system of equations for a y®"-valued function /: 

P,^,+i5,,,+i(A-A+i)/(/3i,--- ,/3«) = /(••• (2) 
P„-i,„P„-i,„-2 ■ • • Pi.2/(/3i ~ 27n, ■ • ■ ,/3„) = (-1)5 /(/32, • • ■ , /3„,/?i). (3) 

This set of equations implies the 5^2 rational qKZ equation at level zero |31 El and it can be solved in 
terms of multi-dimensional g-hypergeometric integrals [5l llll[T^ll6| . In this description of solutions, 
mcromorphic solutions of (j^J and Q are parametrized by anti-symmetric polynomials P{Xi, • • • , Xg) 
of Xa 's of degree less than n in each variable with the coefficients in the space C„ of symmetric and 
27ri-periodic meromorphic functions of (3j's, here £ specifies the sh weight of a solution. We restrict 
ourselves to the case where the coefficients are in the space of symmetric polynomials of Xj = e^^ , 
^ < j < n and write P as P{Xi, ■ ■ ■ , Xi\xi, • ■ • , Xn)- We denote by the solution corresponding to 
P. It is known (12) that ^Pp, as a function of /3„, has at most a simple pole at /?„ = Pn-i + Tri. Then 
the condition corresponding to ^ is 

Res/3„=/3„_i+«/(/3i,--- ,/3n) = 0. (4) 

This condition should be rewritten as the condition for P. In fact we have derived equations for P 
which imply They are 

P{Xi, ■ ■ ■ ,Xi_i,±X~^\xi, ■ ■ ■ ,Xn-2,X, -x) ^ 0. (5) 

We conjecture that these equations are equivalent to (0J. 
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Let Un/ be the space of solutions of jSJl- Since P is an anti-symmetric polynomials of XaS, it can 
be considered as an element of the ^-th exterior product of a free i?„-module with the monomials 
as a basis: 



There exist two special solutions 



for which '^Si and '$S2 vanish identically | 11II17[[TH) . Moreover a polynomial P with the coefficients 
in C„ such that "if p vanishes identically belongs to the space ^Sl 

With this respect we consider the space 



and, for a non-negative integer A, 



M- 



5r!=i mod. 2, n-2£=A Afji 



We define a degree, denoted by deg^, assigning deg^ Xa = —1, deg^ xj — 1. UP is homogeneous by 
degi, \l/p becomes homogeneous of degree 

deg2 P= — + degi P, P G C/„,^ 

We introduce a grading on M^'-* by degj. Then 
Theorem 1 



chM 



E 



i — 2i—X., n=imod. 2 



(9)" 







n 




t 


1 


£-1 


) 

9 



(6) 



where 



n 
£ 



For a non-negative half integer S let 



Xs(2) 



^2S+l _ ^-(2S+1) 



be the character of the 25 + 1-dimcnsional irreducible representation of 5/2- An easy calculation shows 



z q 



X=i mod. 2 



7i=i jnod. 2 ^—0 



{q)£ (q)n-i' 
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The last expression is the fermionic form of the character of the level one integrable highest weight 
representation V{Ai) of the affine Lie algebra SI2 presented in [SjEI- The formula © gives the 
branching function of the A + 1-dimensional irreducible representation of 5/2 in V{Ai). 

Finally we remark that, for the Ising model, it is possible to construct a local operator, in the 
form of a set of form factors, to each element of M*^*-' The problem of constructing form factors 

corresponding to the elements of M^^ will be studied in the subsequent paper. 

The present paper is organized in the following manner. In section 2 the null residue equation jSjl 
for a polynomial P is derived. From section 3 to section 9 is devoted to the case n even. We study 
the solution of JSJ with £ = 1 in section 3. The module U2n,i is proved to be a free i?2n-module by 
giving its basis exphcitly. In section 4 the space C/2n,2 is studied. Again we prove that U2n,2 is a free 
i?2n-module by constructing a basis. In section 5 we present a candidate of a basis of Un,e in the space 
of exterior product of solutions for £ ~ I and 2. Some combinatorial identity related with g-binomials 
and g-tetranomials are proved as a preparation of the study of Un,e for general i. In section 6 the 
structure theorem of U2n,i is given and a proof of it is presented assuming the linear independence 
of the basis. Sections 7 and 8 are devoted to the proof of the linear independence of the basis. The 
character formula ((HJ with n even is derived in section 9. In section 10 the results on the case n odd 
are presented and proved. In appendix A the details of calculations of the residue in section 2 is given. 



2 Null residue equation 

Let Rn be the ring of symmetric polynomials of xi, ...,a;„. We consider the space of polynomials in 
X of degree at most n — 1 with the coefficients in 

The i-th exterior product A^iJ*^"^ is identified with the space of anti-symmetric polynomials P in A"i, 
Xi of degree less than n in each variable with the coefficients in _R„. The identification is given by 
the map 

A ■ • ■ A ^ Asym(Xr ■ ■ ■ X^) = K\i) " ' ' KW 

aeSe 

In the following we suppose that the variables Xa, xj and aa, fij are related by Xa = e""", Xj = e^' . 
To each element P £ A^i?'^"-' and the index set M = (rni, • • • , m^), 1 < toi < • • • < < n, we 
associate the integral: 

•'C a=l a=l lla=lllj=lU -^aXj) 

where 

Ma) =11 ^ , g^/=n(^— ^ n "v.-/?," ) n k 

j=l I -27ri a=l ° j = l " l<a<b<i 

The integration contour C is defined as follows. It goes from — cxd to +00, separating two sets 
{l3j, l3j — 27ri, Pj — 47ri, • ■ • |1 < j < fi} and {f3j — iri, (3j + iri, Pj + Sni, • • ■ |1 < j < n}. 

The set of integrals {Im{P)} satisfies a certain system of equations. Let us describe it. To this 
end we define a tensor valued function whose component is Im{P)- Let V be the vector space with 
the basis v±: 

V = Cw+ ©Cu_. 
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To each M = (mi, • • • , to^), 1 < mi < ■ ■ ■ < me < n, we define the element vm in V^®" by 

WM = Wei ® • • • (8) We„ , M = {j\€j = 

Using them define the "-valued function ijjp by 

M 

To write down the equations we need the operator acting on defined by 

B — niP 
p — 7^^ 

In general for a linear operator A acting on V'^'^, writing 

A = J2Ba®C'a, B„aeEnd(y), 

a 

we define the linear operator Aij acting on V^®" by 

Ay = ^ 1® ■ ■ ■ (g) Ba (E) ■ ■ ■ (E) Ca ■ ■ ■ <E) 1, 

a 

where Ba and Ca are in i-th and j-th components respectively. 
Then ipp satisfies the following system of equations: 

P,:,m5M+i(/3^-/3^+i)^p(/3i,--- ,/3n) = V'p(--- (8) 

Pn-l.nPn-l.n-2---Pu2^p{Pl-27Ti,--- ,/?„)= Vp (/32 ,•• ' ,/3„,/?l). (9) 

Here we remark on the solutions to the equations Q and in the introduction. By multiplying 
a scalar function we define ^'p by 

*p = eTS?=ift ]^C(/3j-/3fe)V'P, (10) 

3<k 

where CiP) is a certain meromorphic function. See |12j and references therein for the precise descrip- 
tion of C(/5)- We simply remark here that C(/3) is holomorphic and non zero at P — —iri. The function 
solves the equations Q and Conversely every solution of Q and ||2Jl can be written using 
^p. Let us give more detailed and precise statements on this fact. Let Q^J!\x) = YVj=i{^ i ^^j) 
and set PEUm 

2e["'\x) = e^f{x) + (-i)"-ieL"^(x), (11) 



2E^^\xi,x,) = (e^^\xi)e^l'\x2) - eL")(Xi)eL"^(X2: 



Xl — X-2 



XI + X2 

+(-1)" (e^"' (Xi)eL"' (X2) - e^'' (X2)e^'^ (Xi)) . (12) 

Notice that the space of meromorphic solutions of and JHl is a vector space over the field C„ of 
symmetric and 27ri-periodic meromorphic functions of /3i,...,/3„. The ring i?„ becomes a subring of 
C„. Consider the scalar extension of i/*^"^ from i?„ to C„: 



Then 
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Theorem 2 (fT^) 

(i). Any meromorphic solution of ^ and ^ which takes the value in the space of SI2 highest weight 
vectors in 1/®" with the weight n — 2i can be written as ^'p for some P G A^i?*-"^. 



(li). For P e A^i?("), ^p = if and only if 



P e A^-i7?(") A S^"^ + A^-2i?(") A E 



(n) 
2 ■ 



The function has a nice homogeneity property. Let us define degrees, denoted by deg^, of 
elements in A^-ff*^"-'by assigning 

degiX = -l, degiXj^l. 

Then 

Proposition 1 If P is homogeneous by deg^, 

+ 0, + = e'^^»^(^)^vl;p(/3i, /3„), 

where 

2 

71 

deg2{P)^— + deg^P. 

Proof. Notice that a^, [3j appear in the integrand of Im{P) hi the form — /3j or aa — except 
in P. The proposition immediately follows from this. Q.E.D. 

In the following the degree of an element of A^i/*-"' is measured by degj^ unless otherwise stated. 
As a function of /3„, ipp has at most a simple pole at /3„ = /3„_i + 7ri We shall study the 

space of P such that 

ReS/3„=/3„„i+7riV'P = 0. (13) 

By the remark below (|10|) this is equivalent to Let us find the condition for P such that ^VA\ 
holds. 

For a polynomial P(Xi, • ■ • . X^jxi, • • ■ , X2n) of x[s and X'^s, define 

P±{P) = P(Xi, ■ ■ ■ ,Xe_i,±x^'^\xi, ■ ■ ■ ,X2n-2,x, -x), X = X„_i, 
and for a set M = (mi, • • ■ , m^), 1 < mi < ■ • • < mi < n, define 

M^"^ = (m'l, • • • ,m^_i) = (mi, • • • ,ma-i,ma+i, • • • ,m<>). 

Let us set 

n 

gm = .gM|/3„=/3„_i+7ri, Dn{X) = ]^(1 - XXj) 

J = l 

£-1 „ 



Jm{P) = W (t>n-2iab) ■ 9m 



b=l 



Y{[=[Dn-2{X,){l-Xlxl_,) 
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Using these notations we define 



X 



UlJaWn-l ~ ab) 

Im\p)^ / X{daJMi^AP). 



6=1 



-1 l-l 



0—1 0—1 



and 



_ -(~27rz)^ 4>n-l{(3n-l - TTi) 



Jn-l ^ 



2 i?„_2(-x-^) 



.(2) _ „(4) _ . 

£'n-2(a;„_i) 

j-(3) _ / n .^^-i '/'n^i(/3n~i + 7^^) -pr /3„„i - /jj + 27^^ 

Jn-l — { } -1 N I 1 Q a • 

Ai-2(-a;„_i) fj^ fin-i-(ij 

Then 

Proposition 2 For P e A^i/'^^"^ i/ie residue of Im is given by 

^.Resp^=p^_,+^JM{P) = fl!\l^hP-{P)) ifn-l,niM, 

3 
4 



where ±1 are identified with ±. 
Corollary 1 // 

t/ien I j5^) is satisfied. 



Y.fn-iiM{p(-iy{P)) i,n e M, 



p+(F) = p_(P) = 0, (14) 



Remark. The residue of Im{P) can vanish for some M although p+{P) or p-{P) is not zero. The 
P's corresponding to form factors of local operators give such examples ^1^]. We conjecture that 
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if the residue of Im{P) vanishes for aU M (|14|) holds. In other words we conjecture that and H14|l 
are equivalent. It is true for £ = 1. 

Let us write down the equations H14|l in component forms. To this end we introduce a notation. 
For a polynomial f{xi, ■ ■ ■ , x„) we define / by 

f — I ip^l ^ ' ' ' 1 7*^5 — -^n — 1- 

Expand P e A^iJ'^") as 

such that the coefficients Pi-^^...i^s are anti-symmetric with respect to indices: 

= sgncr • Pi,...i^, a G Si. 

Then H14() is equivalent to 

^ ^ Pif-ilX * — ^ ^ Pi^...i^X * = 0. (15) 
: even : odd 

Let Un^e be the space of solutions of (|14|l : 

= { P e A^/J(")| p+(P) = p_(P) = }. 
It is obviously an i?„-modulc. In the subsequent sections we shall study the structure of Un,i- 

3 Solutions for i = 1 

In this section we study U2n,i- The equations (fT5|l for P ~ X]i"o ^ Pi{x)X^ are 

n — 1 n 

5] =^P2,_i(x)x-(2-i) ^ 0. (16) 

i=0 4=1 

Thus the sets of polynomials {P2i} and {P2i_i} satisfy the same equation independently. The solutions 
of the equation pt)|) can be found easily as we shall see below. 
Let e^"^ be the elementary symmetric polynomial defined by 

n n 

n(i+-.o=E4"^^'- 

i=l k=0 

We set e[,"^ = for fc > n, < or n < and e^^^ — 1. 
Example 3.1. The polynomial 

P = + e('")x3 + . . . + e^'„"JiX2"-i 



is a solution of To verify this we use 



4")=ei"-)-.M"-\ (17) 
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which is vahd for all integers k. Then 



Vp(2") T-(2s-l) _ V^. (2«-2) _ 2 (2n-2). (2s-l) 

s=l s=l 

n n 

s=l s=l 



>(2") 

l<r<n, sGZbe defined by the following recursion relations: 



Beginning from the solution in Example 3.1 we can construct a set of solutions of (|16|l . Let Pr^s , 



p(2«) _ (2n) 
-'^1,5 — '^2s-li 

- Ptts+^-e'^:~^P?^l, forr>2. (18) 

We easily have 

p^(2") =0, s < 0. (19) 

Proposition 3 We have 



^j_(2")^-2(s-l) 

s=l 



E 



Proof. Let us prove this equation by the induction on r. The case r = 1 is verified in Example 3.1. 
Lemma 1 Pj^P^ =0, s > n + 1. 

This lemma is easily proved by the induction on r. 



Lemma 2 P^^^^ = pj^^'^ - x^p!:^^'^- 

Proof. Let us prove the lemma by the induction on r. If r = 1, the assertion is (|17|l and there is 
nothing to prove. For r > 2, using H18(l and (|17|l we have 



p(2n) _ p(2n) (2n) p(2n) 

_ p(2n-2) _ 2 p(2n-2) _ / (2ri-2) _ 2 ^(2n-2) x p(2«-2) 

_ p(2n-2) _ (2ri-2) p(2ri-2) _ 2/p(2«-2) _ (2n-2) p(2r^-2)^ 

^ ^r-l.s+1 ^2s ^,^r-l,s ''2s-2 7 

_ p(2n-2) _ „2p(2n) 

^ r.s r,s-l ■ 

Q.E.D. 

Using Lemma n 12 and p9|) we have, for r > 2, 



s=l s=l 

Thus Proposition 121 is proved. Q.E.D. 

Define the elements Wr^""*, w^^^ of iJ^^") by 



„(2„) ^ ^ P^(2")X2(-"1), = (20) 



s=l 
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Corollary 2 The elements vi'^^^\ wf^"^ are solutions of 1^16]) . 

Theorem 3 The space U2n,i is a free i?2n module of rank 2n with {vr^"\ wi^""^ } as a basis: 

For the proof let us define the n by n matrix X^'^"'^ — (xfj"'') by 

^(2„)^^(2„)^ l<z,j<n. 
Proposition 4 Let A+ = n"<j(^i + xj). Then 

detx(2") = A+„. 

We prepare several lemmas in order to prove Proposition 0] 
Lemma 3 As a polynomial of xi, X2n, detX^^") is homogeneous of degree {^2) ■ 

Proof. It can be easily checked that X^-J"' = f'/^"^ is homogeneous of degree 2i + 2j — 3. Thus for 
any permutation (ji, j„) of (1, ...,n) we have 

n n 

deg{xi^:^ ■ ■ ■ 45:^ ) = 2 ^ * + 2 ^ J - 3n = n(2n - 1) . 
i=i j=i 

Q.E.D. 

Lemma 4 detX'^") is divisible by A^„. 

Proof. Since detX*^^"-* is a symmetric polynomial, it is sufficient to prove 



detX(2") = 0. (21) 

In detX^^") we successively add the j-th column multiplied by x^^'^^^^ to the first column. Then 
i-th row of the first column becomes 



(2") ^-20 -1) 



Thus follows from Proposition El Q.E.D. 

Lemma 5 The expression o/detX'^^n) a polynomial of ei,...,e2n is 

detx(2") = (-l)5"("-i)e'/e^'-i + • ■ • , 
where = e[,^"'' and ■ ■ ■ part does not contain e"e2^"'^. 
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Proof. It can be easily proved that P^.s"^ is at most of degree 1 in 62,1 , is of degree for s < n — r + 2 
and 



-Pr,n"-r+2 = -6162,1 + (temis of degree in e2„). 



Thus 



lim — -rdetX(2") = 



ei 63 • • • e2n-3 e2„_i 
••• -ei 

••• -ei * 



-ei 



which proves the lemma. Q.E.D. 

Lemma 6 The expression o/A^^j as a polynomial of ei,...,e2n is 

A+ =(-l)^"("-i)ere^,;i + .... 

Proof. The statement follows easily from (see 9 for example) 

^271 = det(e2^'!;^2j+i)i<»,i<2n-i- 

Q.E.D. 

Now Proposition^ is obvious from Lemma 01 |H and El Q.E.D. 
Proof of Theorem\^ 

By Proposition^ ^j^"^' — ^''^ linearly independent over i?2n- Thus it is sufficient 

to prove that any solution 

n 
s=l 

of is written as a linear combination of t'P"'', 1 < i < n with the coefficients in P2n- Let us 
consider the following linear equation for Qi, i — 1, ...,n: 



(2«) 



which, in the matrix form, is 

(Pi,-- - ,p„) = (Qi,--- ,g„)^^'"^- 

By Cramer's formula, using Proposition^ this equation is solved as 

^ ^ detxP"\ 



A2+ 



where the matrix X^'^^^ is defined by replacing i-th row in X(2") by (Pi, - - - , P„). In a similar way 
to Lemma0]one can prove that xl^"-* is divisible by Aj„. Thus Qi G P2n and the theorem is proved. 
Q.E.D. 

Notice that ii ipp = the residue of -^p is zero. Thus S^"' should be in U2n,i- In fact we have 
the relation 



^(2n) _ (2n) 
"1 — "-"l 



(22) 



which is obvious from their definitions. 
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4 Solutions for £ = 2 

In this section we solve the equations (|14() in the case ^ = 2. In general, for solutions Uj, 1 < j < m, 
of H14|) with £ ~ £j, it is obvious that their exterior product 

ui A • • • A u,„ = ^ sgn cr ui (Xo-i, • • • ,X^^^)- • • Wm(-'f<Tf^+...+^^_j+i , ■ ' ' ,X„J, 

a 

is a solution of p4|l with £ = £i + ■ ■ ■ + £m- Thus, from the results of the previous section, 

(2n) . (2n) (2n) . (2n) (2n) . (2n) 

vl ' /\vl vl 'Aw) w)^ Aw}^ 

are solutions of (|14|l with £ = 2 for any ii,i2, Ji,j2- lu fact there exist solutions which can not 
be expressed as an i?2n-linear combination of those solutions. Let us give a construction of them. 
Set 

i=o 

Although Wq^"'' are not in 77^^"^ it satisfies 

P±{% ) = o. 

Using t'o^"'' we define, for 1 < j < n, 

+ vf-\x,)wf-\x,). (23) 

Since 

is an anti-symmetric polynomial of Xi and X2 with the coefficients in i?2n- The definition of is 
motivated by the relation 



Sf'^^^f"), (24) 



which can be easily checked. 
Proposition 5 ^j^"' G U2n,2, 1 < J < J^- 

Proof. Applying p± to we see that 



/r,f(2n)x Xi^X ^/ (2n).^ X / (2n)N , . (2n)N (2n).-i^x\ 

P±(2^] ') = ^ ±x-i VO iXi)P±{w) 0+P±K )S- (^i)J 



-Vq '(Xi)p±{w) ')+P±{v'q ')w) '(Xi) 



= 0, 



where vl^^^\Xi) means, for example, that we take bar of each coefficient of the power of Xi. 
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It remains to prove degjjf.Q < 2n — 1, i = 1,2. Obviously degx. Cj ^ 2n, i = 1,2. Let us 
calculate the coefficient of X^" as a polynomial of Xi as 



lim 



2^(2n) 



1 Xa ^ (2n)/^ X ,„(2")('"r ^, 



lim 

Xi — >oo 



^ Xa V — — 3 {X2) + Vo (Aaj — -j^^ — j 



x2n -wr'{x,)+vr'iX2)- 

Thus deg^^cf < 2n - 1. By the anti-symmetry of ^j^"^ we get deg^^^j^"^ < 2n - 1. Q.E.D. 



Theorem 4 T/ie module U2n,2 is a free i?2ri module of rank (^^O with the following elements as a 
basis 



(2n) . (2n) ,, ^ ■ ■ , \ (2n) . (2n) ^ ■ ■ ^ \ 

^i^ ^ (1 < «i < «2 < n), w)^ ' A w)^ ' {l<3i<32< n), 

t,f ") A (1 < i < n, 1 < J < n - 1), (1 < fc < n). (25) 

The linear independence of H25|) is a special case of Theorem|Sl Let us prove the theorem assuming 
the linear independence. 

First of all one can easily check that the number of elements H25|) is (^2') • We number the elements 
^ from 1 to (^2") and name the r-th element by Qr- Let 

Qr = Qr-.ijX^ A X^ , Qr-ij G R2n- 

We set Qr-ij = —Qr ji for i > j. We introduce the lexicographical order from the left on the set 

J2 = { [ij) I < z < J < 2n - 1 }. 
Define the (^2") by (^2") matrix ^ {X^^:§), 1 < r < {^^), (ij) G J2 by 

Lemma 7 As a polynomial of xi, X2n, detX^^") ig homogeneous of degree n{2n — l)(4n — 3). 

This is a special case of Proposition |7| 
Lemma 8 detX^^") is divisible by (A+„)''"-3_ 

This lemma is also a special case of Proposition|Slbelow. Since the proof of the lemma generalizes 
the case £ — 1 and illustrates the proof in the general case, we shall give a proof of it here. 

Proof. In detX^^n)^ each (0, j)-th column with j = 1, ...,2n — 1, we successively add the {2i,j)- 
th column times X2n-i for 2 < 2i < j and the (j, 2i)-th column times —X2n^i for j < 2i. Then, 
to each (l,j)-th column with j ~ 2, ...,2n — 1, we add the (2i — l,j)-th column times x^^^ for 
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3 < 2j — 1 < j and the {j,2i — l)-th column times — a;^„'^\~^'' for j < 2i — 1 successively. Then, 
in the resulting determinant, the (r;0,j)-th component Qr Q j and the (r; l,j')-th component Q'^.i j, 
becomes 

n — 1 n 
1=0 i=l 

respectively. Since Qr is a solution of ((T3|) . 

This means that Q'^.q j and Q'^.^ j, are divisible by X2ra-i + X2n- Thus detX*^^") is divisible by 

(a;2n-i + a;2n)''"~'^. Because detX'^") is a symmetric polynomial of xi,...,X2n, it is divisible by 
(A+ )4«-3. Q.E.D. 

The following lemma is obvious from the linear independence of (|25|l and Lemma [7||H1 
Lemma 9 There is a non-zero constant c such that 

The proof of Theorem 0] is similar to that of Theorem O using Lemma O and 0] 



5 g-Tetranomial identity 

From now on we use the multi-index notations like 

w/ = Wji A • • • A Wi, , for / = (ii, • • ■ , ii). 
Consider the following elements of U2n,t- 

^(2„)^^(^2„)^^(2n)^ (26) 

/ = (ii, • • ■ 1 < ii < • • • < < n, (27) 

J=Ui,--- ,Ji2), l<ji<---<Ji2<n-h-i3, (28) 

K = {ki,--- ,ki,), 1 < A:i < ••■ < fcf3 < n-£i -4 + 1, (29) 

li+e2 + 24 = t (30) 

If ^ = 1, 2, these are the basis of U2n,i and f72n,2 given in Theorem O and ^respectively. 
Let us count the number N2n.e of such elements. Obviously it is given by 



N2n,t = J2 

Il+l2+2l3^ 



n\ fn — ii \ f n — £i — £g, 



3 / V '^2 



In the right hand side 

' n\ fn ~ £i\ f n — £i — £3 



£3 J\ h ) 4!4!4!(n-4 -4-4)! 



which is the tetranomial coefficient denoted by 



n 

4 4 4 



(31) 
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Therefore we have 



The left hand side is 



Thus we have 



and the identity 



2ra 



2n 



1=0 



2n 



N2nl = 



2n 



E 



-rank i/^^"), 



n\ f n — £i \ fn ~ £i — t 



^3 



here we used the symmetry of (|31|l with respect to the permutations of ii, £2, £3. 
By the definition of degj^ we easily have 



degi v\'''> = 2i - 1, degi wY''> = 2j - 2, deg^ > = 2fc - 2. 



Thus 



(32) 



(33) 



degi ( A A 4'"^ ) = ^(2^ - 1) + E(2> - 2) + E(2fc^ ^ 2), (34) 

r=l r— 1 r— 1 

if the element is non-zero. We denote the right hand side of H34f) by dij^K- Let us consider the 
generating function of dij^K- 



(35) 



I,J,K 



where I,J,K run the index sets satisfying (|27() - (|30() . It is easy to evaluate it explicitly. To write it 
we use the g-integer notations: 



[n]p = 1 - p'\ [n]pl = [l]p[2]p • • • [n]p, 
Then we easily obtain 



n 
r 



p mp'-[n-r\p\ 



ch2n,e = E 



n 




' n-£i ' 




' n-£i-£3' 


. ^1 . 


g2 


^3 


9= 


^2 



(36) 



In the right hand side 



n 




' n-£i' 




' n-£i~£2' 


. ^1 . 




^2 




^3 



[n]„2! 



[4]52![4]52![^3],2![n-£i -£2-^3],^! 



15 



is the g-tetranomial coefBcicnt written as 



n 

h h h 



(37) 



If some < —1, we set (|37|) = 0. Notice that (|37ll is symmetric with respect to the permutations of 
^1, ^2, ^3- Now we prove the g-analogue of ijSSIl- 



Proposition 6 



2n 



1 il+l2+-2l3=l 



n 








■ n - ^1 - £2 ■ 




. ^1 . 


g2 


^2 


q2 


^3 


92 



(38) 



Proof. Let us denote the left and the right hand sides of (|38|l by a„.£ and 6„^f respectively. By 
direct calculations one can easily prove H38|l for £ = 0, 1, 2. It is obvious that ai,e = bi e = for ^ > 3. 
Thus H38|l holds for n = 1. Let us prove the identity by the induction on n. To this end we shall show 
that On.e and bn.i satisfy the same recursion relation. 

The following recursion relations hold for (/-binomial coefficients: 



(39) 
(40) 



m 




m — 1 




m — 1 


r 




r 




r- 1 




p 




P 





r 


m — 1 




m — 1 


= p 


r 


+ 

P 


r - 1 


we have 

















(41) 



Let us prove the same recursion relation for hn,i- Using H39fl for the first g-binomial coefficient in 
the product in 6„^f we have 



' n-\' 




' n-li ' 




■ n - ^1 - £2 ■ 




^1 




^2 


92 


^3 


92 



i?l+<'2+2<'3=« 

^l+fe+2^3=^ 



It is obvious that 
Applying (|39|l to the second (/-binomial coefficient in 142|) we have 

fl+£2+2<?3=f 

£i+^2+2^3='?-l 



l)^+<?2(f2-l) 


n — 1 














^2 










1- 





n - ^1 - ^2 



(42) 
(43) 



1) 


■ n - 1 ■ 




■ n - ^1 - 1 


^1 




^2 














-^1-^2) 




n — 1 






^1 


h is 



n-h- £2 



(44) 
(45) 
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We again use (|39|l to the third product of q-binomial coefficients in (I44II we get 

(El = 

_|_ \^ „«?+^2(<?2-l)+2n-f-(/!i+£2) '^-1 

^ ^ ^1 ^2 ^3 2' 

Therefore we have 

Using the symmetry of li and ^2 of the q-tetranomial coefficient we see that 

/?+^2(^2-l)+2<!3+2ri-l-£ 



^1+^2+2^3=^-1 

There is an obvious identity of the form 



h I2 h 



n — 1 

h h h 



which is also vahd for £3 = 0. We rewrite (|49|l as 



„2<'3 



n 

il i2 h 



n 

h I2 h 



d + l £2 



+^2(£i + l) 



^1 + 1 I 



2 ^3 



We substitute lEOJl into and get 



ii+e2+2i3=e-i 

^1+^2 +2^3=^-1 



iI+«2(«2-l)+2n-l-^ 



n — 1 

^1 + 1 £2 4-1 



«I+«2(<!2-l)+2n-l-£+2(Ci+l) 



n — 1 

^1 + 1 4 £3 - 1 



(46) 



(47) 



(48) 



(49) 



(50) 



(51) 
(52) 



If ^1 — —1, the sum of the summand of (|51|) and H52|l becomes zero. Therefore the sum in (|51|l and 
can be taken for £1 > —1, £2 > 0, £3 > 1. Then shifting the summation variables £1 and £3 we 

have 

(EH + (153) = -gei + g^""^6„-i,£-2. 

We substitute this into H47|l and get the recursion relation H41|l for bn,e- Thus by the induction on n 
Proposition El is proved. Q.E.D. 



6 Solutions for general i 

We shall show that the solutions of (|14|l for ^ > 3 are generated by the solutions for £ = 1,2. More 
precisely we prove 
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Theorem 5 The module U2n,e 'is a free R2n-module of rank (^") with the set of elements [vf^^^ A 

(2n) . ^(2ri)i , . 

Wj /\ £,K I basis: 

TT rr-. U (2") a (2") a t(2n) 

where I, J, K runs over all index sets satisfying | |i^7| )- |5'^] . 

The strategy of the proof is similar to the case £ ~ 1,2. The most complex part of the proof is in 
the following theorem. 

Theorem 6 The elements {vf^^^ A w^j"^ A C/^"''}, where I, J,K runs over all index sets satisfying 
i27}^ - iS(J\) . are linearly independent over R2n- 

The proof of this theorem is given in section |H1 In this section we prove Theorem El assuming 
Theorem El 

We number the elements {vf"''^ Aw'y'^"^ A^^"'} from 1 to (^") and denote the r-th element by Qr- 
Expand Qr as 

Qr= Qrn,-r,X'' A--- AX'^. (53) 

0<ii<-<i{<2n-l 

We extend the index (ii, • • ■ , ie) of Qr;ii - ii to < ii, - ■ ■ ,ii < 2n — 1 such that Qr;ii---ii is anti- 
symmetric with respect to the permutation of ii, • ■ • ,1^. We introduce the lexicographical order from 
the left on the set 

J2n.i = { (ii, • • • , if) I < ii < • • • < Z£ < 2n - 1 }. 
Let us define the {^^) by {^^) matrix X'^".^) by 



e J2n,t, (54) 



y(2n/) _ ^ 



Proposition 7 As an element of R2n, detX^^"'^) is homogeneous of degree + Ce-i)) ■ 

Proof. By the definition of degj^ , if Qr = vj A wj A (,k , 

degi Qr-si se = dij^K + Si H h Sf. 

Thus, as in the proof of LemmaO detX^^"'^) is homogeneous of degree 

I,JM 0<si<-<Si<2n~l 

The proposition follows from the following lemma. 
Lemma 10 
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Proof. Let us set 



2n 

I 



By Proposition ini ^ 



It follows that 



dan,, 
dq 



an,e = ch.2n,e- 



1.^1 + E 

0<si<---<si<2n-l 



(Sl + • • • + Si). 



(56) 



We denote the first term of the right hand side of H5t)|) by Anj and the second term by bnj. The sum 
b„,i is expressed in terms of An^e as follows. Notice that 



E 

0<si<---<Sf <2n-l 



Then 



and 



Let us define c„/ by 



2n - 1 



2n-2 
£-1 



2n 



Then the lemma is equivalent to 



(57) 



(58) 



Let us prove H58|l by the induction on n. For n — 1, (|58|l is easily verified. Let us prove that Cn,e and 
2An/ satisfy the same recursion relation. 

Notice that a„^£ here is the same as a„^^ in the proof of Proposition |S1 By differentiating the 
recursion relation l|41fl of a„/ one obtains the recursion relation for 2AnX- 



2 An 



— "^An-lJ + 2{2An-l.t-l) + 2An-l.t-2 



2n-2 
£-1 



+2(4n-^ - 2 
We prove the same recursion relation for Cn/. Set 



+ 2{2n-£) 



2n-2 
£-2 



(59) 



2n - 1 

£-1 



2n-2 
£-1 



(2) _ 

'^71. e ^ 



£\ /2 
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Using 



n\ (n-2\ 2("^^1 fn-2 

m — 1 1 Vm — 2/' 



TO/ \ ?71 



in each binomial coefficient in c^^\ and c^^^, we get 

cS = e.. + + + 2(^ - 1) + (2. - 3) 

Taking the difference of these equations and using the induction hypothesis we get the desired recursion 
relation. Q.E.D. 

Proposition 8 The determinant detX^^"'^) is divisible by (Aj„)( )"'"( «-i ). 

Proof. In detX'^^"'^\ for each 1 < j2 < ■ • • < < 2n— 1, we add the {2j,j2, ■ ■ ■ ,ji)-th column times 
^2n-i 01 -X2n-i to the (0,^2, ' ' ' ,je)-th cc 
the (r; 0,j2, ■ ■ ■ , j£)-th component becomes 



^2n-i or ~^2n-i the (0, j2, ■ • • ,je)-th column successively so that, in the resulting determinant, 



~ Qr;2j,j2---jt^2n-l- 



j=0 

Further, for each 2 < j'2 < ■ ■ ■ < j'^ < 2n — 1, we add the (2j — 1, j2, • • • ,i^)-th column times X2n-\ 

or — a;^,|j'i~^^ to the (1, j2) ' ' ' i3'd~^^ column successively so that the (r; 1,^21 ' ' ' i jf)"^^ component 
becomes 



Since {(5r;ii - if } satisfy H15|l. we have 



It follows that Qr;0j2 - i* ^'^'^ ^r i ja - jf ^""^ divisible by X2„-i + X2n- Thus detX'^"'^) is divisible by 

(X2„-1 +X2„)('"-i') + ('"-i'). 

Since detX*^^"'^' is a symmetric polynomial of a;i, ...,a;2n, it is divisible by 

(A^j(-)-(-). 

Q.E.D. 

Corollary 3 There is a constant c such that 

detX(2".^) = c(A+ 
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Proof of Theorem 13 

It is sufficient to prove that any P £ U2n,i can be written as a Hnear combination of Qr's with the 
coefficients in i?2n- Let us write 

0<ji<---<je<2n-l 

We solve the following linear equations for 5r, r = 1, • • • , (^") : 

P — ^ ^ SrQr: 
r 

which, in the matrix form, 

{P,,,...^,,) = {Sr)X'^^-''\ 

where {Pji,--- and {Sr) are both row vectors. Since {Qr} are linearly independent over i?2r! by 
Theorem El c in Corollary |21 Then by Cramer's formula 

Sr = c-i(A+ detX(2».^), 
where the matrix det xi^""'^^ is defined by replacing the r-th row in 

^(2n/) (p^.^ ... ^^.J. In a similar 
way to the proof of Proposition |S1 detX^^"'^'' is proved to be divisible by 

(A-)(-)-(-). 

Thus Sr e i?2Ti as desired. Q.E.D. 

7 Equivalent Conditions for linear independence 

Let r*^^") be the 2n-dimensional vector space with the basis a^, Pj , i, j — 1, ■ ■ ■ , n: 
Define ujk e A^P^^") by 

n 

Wfc = E Q!r-fc+i A l<r<n, (60) 

Here and in the following the indices of a^, /3j, tOk are extended to integers and they are read by 
modulo n in the representative {1, • • • ,n}. 
In this section we set 

since n always remains same. 

Theorem 7 The following conditions are equivalent: 
(i) {a/ A (3 J A lok} is linearly independent over C, 
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(ii) {ai A /3j A luk} linearly generate A^F'^"-*, 
(Hi) {aj A /3j Aujk} is a basis o/A^r^^"), 
(iv) {vi A wj A S,k} is linearly independent over i?2n; 
where I, J, K satisfy ^- ^) . 

Proof. By (|32|l . it is obvious that (i), (ii) and (iii) are equivalent. Let us prove the equivalence of 
(i) and (iv). To this end we have to prepare several lemmas and propositions. 

Proposition 9 The following expressions for hold: 

k—l 7i — k+i n n — k 



^''^(-E E +E E )^2(fc-,+,.)^''^+'A.;„ (61) 

i—1 r—n — k-\-l i—k r—i — k 
k—1 n — k-\-i n n — k 

^'^-{^T. E + E E ) ^2ik-^+r)m A X'^. (62) 
i—1 r—n — k+1 i—k r—i — k 

The proof of this proposition is given in the end of this section. 
We consider the specialization 

ei = -e2n = 1, ej = 0, f ^ 1, 2n. (63) 

Lemma 11 At we have 



p — 



1, 1 < s < n and s = n — r + 2 mod. n 
0, otherwise. 



Proof. Let us prove the statement by the induction on r. For r = 1, 

Pi^s = e2s-i, 

and the statement is obvious. For r > 2, Substituting (|63|l into H18|l and using the hypothesis of the 
induction we have 



Pr,n-r+2 — ^r-l,n-(r-l)+2 ~ e2(„_r+2)-Pr-l,l 

For s 7^ n — r + 2, 



Pi,„+i - e2„Pi,i = 1, r = 2 
1, r>3. 



-Pr,s — -fr-l,s+l — e2s^r-l,l — 0, 

by the induction hypothesis. Q.E.D. 
For any integer i we set 

< i >= X\ < j < 2n - 1, i= j mod. 2n. 
Corollary A At i)6'51) we have 

Vi =< 2{n - i + 1) >, Wi =< 2{n - i + 1) + 1 >, 1 < i < n. 
The following lemma follows from Proposition O and Corollary^ 
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Lemma 12 At 

n n 

— < 2(n + r — A:) + 1 > AVj, — if;/c_r+i A i;^. 

r— 1 r— 1 

At (|n3 we set 
Then we have 

n 
r=l 

Thus at (ESI 

{vi A wj A = {±a/ A /3,7 A ujk}, 

where ± means that + or — is determined to each (/, J, K). Consequently, if {a/ A /3j A ojk} are 
hnearly independent, for the matrix X*^^"'^' defined in 154(1 . 

at H63|l and {vj A wj A ^k} are hnearly independent over i?2n- Therefore (iv)^(i) in Theorem|7|is 
proved. 

Let us prove the converse. We have to use the following lemma which can be easily verified. 
Lemma 13 At H6S\) . we have 

A+ = f-n5«("+i)(('"-Y)+('ri')) 

2n \ / 

Now, if {vj Awj A ^k} are linearly independent over i?2n, c ^ in Corollary|31 Then, at we 

get 

detX(2"^^) = c(-l)^"("+i)(('^-"i')+('"-"i')) ^ 0. 
Thus {a/ A Pj A lok} are linearly independent. Q.E.D. 

Proof of Proposition 

Let us first prove ({(ill) . In this proof we extend the index r of P^.s to r £ Z by defining 

Pr^s = e2(s+r)-3: ^ < 0. 

For r > n + 1, P^^s is defined by the recursion relation H18() . Then the recursion relation H18|l holds 
for all r, s e Z. 

The following lemma is obtained by a simple calculation using the definitions H2U|) and (|23|l . 
Lemma 14 

n n 

(Xi + X2)a(Xi, X2) = ^ 5^(e2,Pfc.. - e2^Pk.,)X!'X^\ 
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Let us denote the right hand side of (|61|l by 77^ and expand it as 

ri-l 
hj=0 



We set flj-^^ = unless 0<i,j<n— 1. Then 



Comparing this with Lemma 1 141 we see that is equivalent to the following equations: 

4^=4\ (64) 



ij ji ' 

(fc) (fc) 



e2]Pk,i - e2iPk,j- (65) 



In order to prove these equations we calculate a^j more explicitly. 
Lemma 15 We have 

^(fc) ^ f l]r=0 ^2(i-r)-Pfc+r,i+l, < i < n - /c 

I - E"=i e2(j+r)^'/c-rj+i, n-fc+l<i<n-l. 

Proof. li < i < n — k, A appears only from the second sum of the right hand side of 

Its coefficient is calculated as 



(k) 



''^^2{k-r+i)Pr,j + l — e2(i-r)-Pfc+r\j + l ■ 



r—k 



Similarly, ifn — fc+1 < i < n— 1, AX^-' appears only from the first sum term and its coefficient 

is given by 



Let us rewrite a^''^ more. 



fe-i 

(k) _ 



<^2{k-r+i)Pr,j + l — ~ £2{i+r)Pk-r,j + l- 
r—k—n+i r—1 



Q.E.D 

Let 

Lemma 16 



{^r+s=i+j+2,r<i ^r+s=i+j+2,r>j+l)^2rPk-l.s, 0<i<n k 

{J2r+s=i+j+l,r<j ^J2r+s=i+j+l,r>i+l )^2rPk,s, 12 — k + 1 < i 

Proof. First we suppose that < i < n — k. Using Lemma ll 51 we have 

i 

(fe) \ " n 

" 2^^2{i-r)^k+r,j + l 



E e2(i_r)(-Pfc+r-l,j+2 — 62(^ + 1) Pfc+r- 1,1 ) 

i i 

e2(i_,.)Pfc+r-lj+2 + e2i-Pfc-lj+2 — e2(j + l) ^ e2(.j_,.)Pfe+r-l,l- 
r—1 r— 
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By Lemma [T51 we have, for the first term, 

i 

ED _ (fc) 

e2(j-r)^fe+r-lj+2 — a^-ij + i- 

r=l 

As to the third term, we see 



r=0 



(-Pfe+i-2,2 ^ C-2Pk+i-2,l) + e2^'fc+i-2,l + ' ' ' + e2iPfc-14 

-Pfe+j-2,2 + e^Pk+t-zs H \- e2iPk-i,i 



= pk-1. 



Thus we have 



(fc) 

a. 



o,i+j ' 

r=0 



i-1 

^(e2(i-r)-Pfc-lj+2+r ^ £2(j + l+r)Pk-l,i+l-r)- (66) 



Notice that, 



ao,i+j = -Pfe,i+j + l = Pk-la+]+2 - e2{i+j+l)Pk-l,l, 

which is precisely the r = i term in the second term of (|66|l . Therefore 

i 

,j+2+r — S2(j+l+r)Pk-l,i+l-r), 



(k) 



which proves the first equation of the lemma. 

Next we consider the case n — k + l<i<n — 1. Here we use the recursion relation of Pr^s in the 
form 

Pr,s — ^r+l,s-l + e2(s-l)^r,l- (67) 

Using H67|l we have 

n—i 

dij — - / , e2(i+r)-rk-r,j+l 



r=l 

n — i 



e2(i+r){Pk-r+l,j + e2jPk-r,l) 

r=l 

n—i n — i 

^2(i+r)Pk-r+l,j ~ &2(i+l)Pk,j ^ &2j ^ <^2(i+r)Pk-r,l^ 
r=2 r=l 



where we have 



ED _ (*;) 

e2(i+r)-rfc-r+l,j — aj+ij_i, 

r=2 
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and 



''^^S2{i+r)Pk~r,l — Pk,i+1 + e2(i+r) -Pfc--r, 1 — Pf 



k,i+l 



— Pk-n+i,n+l ^ Pk,i+1 
= —PkA+1; 



where we use Lemmas Therefore 



(fc) C^) I D r> 



n — i — 2 

"■n\,i+j+l-n + X! i'^2U-r)Pk,i+l+r - e2(i+l+r) Pk,j ~r) ■ 

Here 



'^n-l,i+j+l-n ~ e2ri-nc-l,j+j+2-n, 

which is the r = n — i ~ 1 term in the second term of H68() . Thus we have 

n — i — 1 

= ^ (e2(j-r)^'fc,i+l+r — e2(i+i+r)^fcj-r), 

which completes the proof of Lemma IT^ Q.E.D. 
Proof of 

We can assume i < j. The proof is divided into three cases. 

(i) . the case < i < j < n — k: We use the first equation in Lemma [T?)l and notations like 

(r < i)i = ^ e2rPk-i,s- 

r-\-s—i-\-j-\-2. r<.i 

Then we have 
and 

= (r < j)i - (r > i + l)i = (r < i)i - (r > j + l)i = a|f . 

(ii) . the case n — k + l<i<j<n~l: In this case we use notations like 

{r < j)2 = ^ e2rPk,s- 

r+s— i+j + l, r<.j 



Then 



= (r < j)2 ~~ {r> 1 + 1)2 = {r< 1)2 - {r > 3 + 1)2 - . 
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(iii). the case 0<i<n — k<j<n — 1: In this case we have 



(fc) 



= ( ^ - ^ )e2r(i^A;-l,s+l - e2sft-l,l) 

r+s— -i+j + l, r<i r+s— -i+j + l, r>j-{-l 

= ( E ~ E )e2r(-Pfc-l,s - e2(s_l)Pfc-l,l). 

Notice that, if s = 0, 



Pk-l,s — e2(s_i)Pfc-l,l = 0. 



Then 



aji'=a\f-{ E ~ E )e2re2sPk~i.i- 



^(fc) _ jk) _ 

r+s— z+j + l, r<z r+s— + r>j + l 

The second term in the right hand side vanishes because r < i is equivalent to s > j ' + 1 under the 
condition r + s^i+j + l. Thus Ht)4|l is proved. 

Proof of 

Since both hand sides of H65|l are anti-symmetric with respect to i and j, we can assume i < j- 

(i) . the case < i < n — fc: We use the notation (|69|) in which r + s — i+j + 2 is changed to 
r + s = i+ j + l. Then we have 

a'fX^^{r<i-l)i-ir>j + l)i, 
af_\,,=a^U = (r<^)l-(r>J)l. 

Thus 

= -{r = i)i + {r = j)i 

= —P'2iPk-l,j + l + G2jPk-l,i+l 
— —e2iPk,j + S2jPk,i, 

where to derive the last equation we have used the recursion relation of Pr,s- 

(ii) . the case n — k + 1 <i < j <n—l: We use the notation ifTUIl in which r + s = + 1 is changed 
to r + s ^ i + j. Then 

- «£-i = ir<^-^)2-ir>J + 1)2, 
= (r < i)2 - (r >j)2- 



Therefore 



= = ih + (r = j)2 

-e2iPk,j + e2jPk,i, 



which completes the proof of H65|l . 
Thus is proved. 
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The expression (|62ll follows from H()l|l in the following manner. 

Let 77^ denote the right hand side of Notice that Wi{X) is obtained from Vi{X) by the 

replacement 

^2r^^2r + l^ < T < n - 1. 

Then it is obvious that rj'f, is obtained from —rjk by the replacement 

^2r ^ ^2r+l^ ^2r+l ^ ^2r^ < r < n ~ 1. (71) 

Since 
we have 

= J2afx'^+' AX^= 

= Y.''fx^^+^AX^^=r^,, 

which proves Thus the proof of Proposition El is completed. Q.E.D. 

8 Linear independence 

In this section we prove 

Theorem 8 The elements {a/ A Pj A ujk} linearly generate A^F*^^"), where I, J, K satisfy \^7}) - l^,yU\} . 
As a consequence of Theorem |S1 and Theorem |51 is proved. 

Let Bi be the linear span of {ai A 13 J A ujk] in A^L^^"). We use the symbol = for the equality 
modulo Bi. For the sake of simplicity, in the following, we omit the symbol A of the exterior product 
and simply write the product for the exterior product. 

The conditions l|77|) - (|Sn|l for the product a//3j, / — (ii, • • • ^il^)^ J = (ji, • • • , j^j) are 

l<ii<---<ii,<n, l< ji< ■■■<]£, <n-£i, £i+£2=i. 

The elements ai(3j which does not satisfy (|27|) - (|3U|I are classified by the number of k of /3j such that 
j > n — ii. We write such j in the form j = n — r with < r < ii — 1 for later convenience. With 
these notations, in order to prove Theorem |S1 it is sufficient to prove 

O^it-^^i ■ ■ ' OiioPjl ■ ' ' Pje2-k~lPri-rk " ' ' Pn-ra = 0, (72) 

1 < i£i-i < ■ ■ ■ < ia < n, 1 < ji < ■ ■ ■ < ji^-k-i < n - £i, 
< ro < • • • < rfe < ^1 - 1, < fc < ^1 - 1, 

here we changed the way of numbering the indices of a for the sake of later convenience. We set 

J' = [ji, ■ ■ ■ ,je2-k-i)- 
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Let us consider the element 

where ar~ means that ai is removed. Since 

is>h-s, 0<s<4-l, 

we have 

n + 1 — rg — ij.^ < n + I ~ £i, < s < k. 

Notice that, in H73() . the number of a is £i — k — 1 and the number of is k + 1. Then the indices 
of (|73() satisfy (|27() - (|30|l if and only if the indices of f3j' , ojk/ appearing in (|73l) satisfy j' < n — l\ and 
k' <n + \- h. Thus 

(CSl = 0. (74) 

Let us prove H72|l by the induction on k. The case fc = is proved in Proposition 1101 below. 

Suppose that fc > 1 and 1)72(1 is valid until fc — 1. Then it is possible to expand H73I) using H6U|) as 

n 

Po,.--.Pfc="-^i+l 

— i '^i^i-i ' ' ' '^'iri.+''fc-Pfc ' ' ' C^Vo+'^o-Po ' ' ' '^*o/^.^'/3"-Pfc ' ' ' /^»-Po 

= ± XI X! sgncr-a^,^_i •••aj,,^+r,-p„^ +ro-p„o •••a»o 

o<po<---<Pfc<^i-i <yeSk+i_ 

x/?,/'/?„-pfc ■■•/3„-po, (75) 

where the equation is valid for k — Q without any assumption and we use the induction hypothesis 
for fc > 1. The sign ± is determined from li^k^ \js\- Since it is irrelevant to the following argument, 
we omit its explicit description. 
By (|73I) and (|73J) we have 

= tti^^^j ■ • • aio/3j'/3„_rfc ■ ■ • /3„-ro (76) 

+ ^ ^ SgnCT • OLi^^_^ ■ ■ ■ Q.i^,^^rk—raf. ' ' ' '^iro+ro-rag ' ' ' OiiaP J' Pri—rk ' ' ' Pn—ra ij'^) 

+ Eo<po<- <Pfc<^i-i summand of 

where means that (po, ■ ■ ■ iPk) = [tot' ■ ■ ,fk) excluded. 
Lemma 17 If a summand of is proportional to 

it coincides with \7l^ . 
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Proof. It is sufficient to prove that, if 

(irfe + Tfc - r^, , • • • , iro + To - r<,J 

is a permutation of (v^,, • ■ ■ , jro)j tlien 

{ir^ +rk-ra^r-- ,iro+ro-r„o) ^ i^r^^,--- (79) 

Notice tliat 

ivk + Rk < ■ ■ ■ < in + Ri < iro, Rs = Ts - ro. (80) 
We set jo = iro for the sake of simphcity and write 

[ir, +Rk,--- ,^ro+ Ro) = iUo - N)^^- ■ ■ ■ {jo - Mm + 0, 

where 

(jo - s)*^' = jo - s, • • • , jo - s (Ms terms). 

Then 

(Vfc, • • • ,Vo) (jo ~ N - Rk,--- , jo), 

(*., + r-fe - , • • • , + ro - r,J - ((jo - iV)*^" • • • j^'") - (i?,, , • • • , (81) 

Suppose that (|81|l is a permutation of (v^ , • ■ ' j Vo ) • Notice the term which coincides with i,.^ . If 

jo - a - Rs = irk = Jo- N - Rk, 

for some < a < iV, then obviously wc have a = N and s = k. Next consider the term which 
coincides with ?rfc_i and so on. In this way we see that, for each < s < iV, 

(ffe-Mjv A/s , ■ ■ • , ffc-A/jv Afs-i + l) 

is a permutation of 

(A: - Mat M„ • ■ • , fc - Mjv A/.-i + 1). 

This means 

iijo-Nr^---j^"'')-iR.,,---,R.o) 

= (jo -N -R„^,--- ,ia-N - • • • ) 

Q.E.D. 

Let M — 1 be the number of (|78|) appearing in (|77|l . Then we can solve the equation (|76|l as 

Ma^^^_^ ■ ■ ■ a^afij'fin-rk ■ • ■ Pn-ro 

— ^X]o<po<---<Pfe<^i-l^CT^S^''' ' '^ici-i ' ' ' Q^Vfe +i-fc -p„j. • • • OUrg+ro-p^o ' ' ' "^^o 

x/3j./3„_p, •••/3„_p„, (82) 
where means that the terms proportional to (|78|) are excluded from the sum. 
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In order to simplify the notation we set 

(ifi-i, ■ • ■ ,io\n - rfe, • • ■ ,n - tq) := aie^_i ■ ■ ■ at„(3j' (3n-rk ■ • ■ Pn-ro- (83) 

Notice that in the left hand side J' does not appear. We omit J' because J' remains same in all the 
arguments below. 

Let us consider the map among elements of the form (I83II and 0: 

,io\n-rk,--- ,n-ro) 
^ {iii-i, ■■■ , Vfc +7-fc -P<7,-, • ■ ■ ,iro+ro-Paor-- ,io\n-Pk, ■ ■ ■ ,n~-po), (84) 

where {rg}, {Ps}, f, {is} should satisfy 

< ro < • • • < rfc < £i - 1, < Pq < ■ ■ ■ < Pk < h - 1, (85) 
LHS ^ ±RHS, (86) 

1 < iii-i < ■ ■ ■ < iQ < n. 

For a set of integers {iti-i, ■ ■ ■ , io) we define 

/i(z£i_i, • ■ • ,zo) = niax{i£i_i, • • ■ ,zo} - min{ifj_i, • ■ • ,io}. 

For lIHSl) we set 

h{ii^^i, ■ ■ ■ ,io|n - Tfe, • • • ,n - ro) := h{ii^_i, ■ ■ ■ ,io). 
Lemma 18 Suppose that the right hand side of is written as 

±(«£i~i>-- - ,io\n-Pk,--- ,n-po), < • • • < «o. 

Then 

iii-i < i'o < io- 

In particular 

Wti-ir-- ,i'o\n-Pk,--- ,n~po) < h{ie^^i,--- ,io\n-pk,--- ,n~po), (87) 
and the equality holds if and only if 

Proof. Notice that 

is + s<is'+s', 0<s'<s<£i-l. 
It follows that, for any < s < — 1, 

iii-l < iti-l + h - i - Pa, < ir, + Ts - Pa, < ^0 " Pa, < ^0, 

which proves the lemma. Q.E.D. 

We denote the left hand and the right hand sides of H87|l by h' and h respectively. By Lemma IHH 
the case h = h' occurs only in the following four cases. 
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(i) . rfe^^i-l,ro^O. 

(ii) . Tfc ^ ^1 — 1, To = and there exists ki such that v^.^ + r^^ = zq. 

(iii) . rk = £i — I, To =/= and there exists ki such that v^.^ + 7*^^ — (£i — 1) = i^j-i. 

(iv) . rk — £i — I, ro — and there exist fci, fc2 such that 

Vfc^ + - {ii - 1) = iii-i, Vfc^ + T-fca = «o- 
Proposition 10 After finitely many applications of the maps each element is mapped to zero. 

Proof. Let us prove the proposition by the induction on £i. For £i = 1, there is nothing to prove. 

Suppose that £i > 1 and the statement holds until £i — l. Let us prove the £i case by the induction 
onh = • • • ,io). 

If /i < ^1 — 2, there is no • • • , io) satisfying ig-^-i < ■ ■ ■ < i^. 

Suppose that h > £i — l. We denote the value of h of the right hand side of (|84|l by h'. By Lemma 
I18lfe' < h. If h' < h, the statement holds by the induction hypothesis. Let us consider the case h' = h 
which is divided into (i) to (iv) above. 

We first consider the case (iv). 

In this case Pai,-^ — £i ~ PiTk2 = 0- Therefore 

Cfci = k, (7k2 =0, Pk =£i - 1, Po = 0. 

We have 

+ r-fc -p„,=ie,-i+£i-l- Pa^ = v,^ + ru, - Pa, , 

iro + 7-0 - Pao = io - Pag = ivk., + '^fca - PcJo ■ 

For the value of ctq, crfc we have four cases. 

(a) , fci — k, k2 — 0: We have ct^ 7^ 0, fc for any 1 < s < — 1. 

(b) . ki = fc, fc2 ^ 0: We have ctq ^ 0, fc. 

(c) . /ci ^ k, k2 = 0: We have crfe ^ 0, /c. 

(d) . fci ^ k, k2 ^ 0: We have cto, crfe 0, /c. 

It follows that the map (|84|) induces the map 

(«£i_2,-- - - rfc_i, • • • ,71-ri) 

'-^ ±(- • • J • • , Vi -P^;, • • • |n -Pfe-i, • • • ,n-pi), (88) 

where a' is the permutation of (1, ■ • • ,k — 1) specified according as the cases (a)-(d) above as 

(a) , cr^ — as for 1 < s < fc — 1, 

(b) . cr^^ = (jQ, a'^ = as (otherwise), 

(c) . a'^^ = ak, a'g = as (otherwise), 

(d) . a'^^ = CTfc, a'f.^ = ao, a's ^ as (otherwise). 
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Notice that 

1 < ri < • • • < rfc_i < £i - 2, 1 < pi < • ■ • < pk-i < h ~ 2, 

and 

LHS of 113 = ±(RHS of (IHHl)) 

is equivalent to 

LHS of (|H3|l = ±(RHS of IHl)- 

Let us set 

7^-1 =is, rs-l = r'^_i, Ps ~ I ^ p's-i, cr's - ^ = ^s^i- 

Then 

irs +rs- Pa'^ = Ir'^_^ + K-l ^ Pt.^i' 

< r'l < • • • < r[_^ <£i-3, < p'l < • ■ • < p'k_, < 4 - 3, 

and r is the permutation of (0, • • • , fc — 2). We have 

LHS of ® = U^i-3,--- ,Io\n-l-r'k_^,--- ,n-l-r'o), 
RHS oim^M--- ,Ir',_,+r'k^2~Pr,_.,--- ,Ir',+r'o-p',„---\ 
n-l-p'k-2r-- ,n-l-p'Q), 

Thus the map (|88|l can be considered as the map (|84|) with the replacements 

^1^^1-2, k^k~2. 

Notice that, in the case (iv), the map beginning from the image of the map (|84|l is again of the form 
(iv) if the image is not zero and the value of h is invariant. Therefore, by the induction hypothesis 
on ^1, if we apply the maps (|84|l of the type (iv) sufficiently many times to an element we have zero. 
Thus the statement is proved in this case. 

The cases (ii) and (iii) can be proved in a similar manner. Things we should notify here are the 
foUowings. In the case (ii) if the image is non-zero and the next map preserves the value of /i, the 
next map is of type (ii) or (iv) . Similarly for the case (iii) the next map is of type (iii) or (iv) under 
the same condition. 

Let us consider the case (i). We divide the case into three. 

(i-i). pfc ^ €i — 1, po = 0: The next map is in the case (ii) for which the statement is already proved 
as above. 

(i-ii). pfe = ^1 — 1, po 7^ 0: The next map is in the case (iii) for which the statement is already proved 
as above too. 

(i-iii). pk^ li~ 1, po 7^ 0: 

In this case fc < i'l — 3 and the map H84|l induces the map 
(ifi_2,--- ,ii|n-rfc,--- ,n-ro) 

i-> (ifi-2, • ■ ■ ,Zrfc + rfe -pcTj,, • ■ ■ ,Vo + -Po-o, • ■ ■ ,ii\n-pk,-- ■ ,n-po)- (89) 
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We set 

Is-i is, - 1 = r'^, - 1 = p's- 

Then 

LHS oim = (^^1-3, ■■■ ,h\n-l-r'k,-- - ,n-\- r'^), 
RHS of i3 - (/,,_3, • • • + -p^^, • • • ,4^ + ^0 • • • I 

n - 1 -P'k-, ■ ■ ■ 1 - Po)- 

Thus 1)89(1 can be considered as the map H84() with the modification 

^1^^1-2, n~^n~l. 

Therefore sufficiently many compositions of the maps of type (i-iii) leads each element to zero by the 
induction hypothesis. 

Let us summarize what is proved in the case (i). To this end we introduce the case (v) which is 
(ii) or (iii) or (iv). Then we have the diagram like 

W (v) (v) - -> 

\ 

W - iv) ^ - 



{i) ^ {v) ^ ••• ^0 

\ 



where the maps directed from NW to SE represent the composition of maps of type (i-iii) and those 
from W to E represent the composition of maps of type (v). This shows that in the case (i) the 
statement is proved. Thus for £i the statement is proved by the induction on h. Therefore the 
proposition is proved by the induction on £i. Q.E.D. 

Finally let us complete the proof of Thcorcm|Sl For fc = 0, (|82ll holds. Then by Proposition 1101 

LHS of jH2l = 0, (90) 

which proves H72() for k = 0. If fc > 1, H75() holds by the induction hypothesis. Consequently (|82|l is 
valid. Again by Proposition^] we have H90|l which proves 1)72(1 for fc. Thus the proof of Theorem |H1 is 
completed. Q.E.D. 

9 Fermionic character formula 

For a graded vector space W — ©fcM^(fc) such that W(k) is finite dimensional, we define its character 

by 



chW = ^q'' dimiy(fc). 
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We introduce a grading on U2n,i by deg2: 

U2n,l^(ST=aU2„Ak), (91) 

where U2n,e{k) is the subspace of elements with degree k. By Proposition Theorem |S1 and 
we have 



2 q" 
cht/2„,f = g" chi?2n • ch2„,^ 



[2n],! 

We consider the i?2n-module 



2n 



(92) 



M2„,, - — , (93) 

U2n,e^l A Wi + U2n,e~2 A 4i 

here and in the following of this section we omit (2n) of wp"^ etc. The denominator of the right hand 
side of H93|l is introduced because for any element P in the denominator, ipp vanishes identically due 
to Theorem 121 (ii), ^ and (|^ . 

Since wi and are homogeneous, M2n,i is also graded. In this section we shall calculate the 
character of M2n,i- To this end we construct an i?2ri free resolution of M2n,i- 

Define the i?2n-linear map ipi by 

'fie ■ U2n,£ ® U2n,e-1 > C^2n,f+1 ® U2n,e, 

ipi{a, 6) = (a A wi + (-1)^ 6 A ^i, 6 A wi), 

and the map ipe by 

i^e ■ U2n,e © U2n/~1 > U2n,£+1, 

ipi{a,b) = a A wi + (-l)^feACi, 
where we set f/„ q ~ Rn and C/„^^ = for ^ < 0. We denote the natural projection: 

Vl '■ U2n,e > M2n/- 

The relation 

ipupi-i = (94) 

can be easily verified. 

Theorem 9 The following sequence is exact for < £ < n: 

Proof. We first prove 
Lemma 19 T/ie sequence 

U2n,m-1 ® t^2n,m-2 > C^2n,m ® t^2n,m-l t''2n,m+l © C^2n,m (95) 

?s eiaci at the middle term for any < m < n — 1 . 
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Proof. We have to prove 

Ker (pm = iTO-ipm-l- 

Lemma 20 For any < m < n — 1, we have 

Ch{lmtprn) = chU2n,m- 

Proof. We set 

UL^rn+l = ®lejR2nVl A Wj A C U2n,m+1, 
U2n,m-1 = ®lijR2nVl AWj A^K C U2n,m-1, 

where, in both cases, the sum is taken for /, J, K satisfying (|27|) - (|29|l . Define the map 

^™(a, 6) = (a + (-f )™6 A Ci, & A wi). 

Notice the fohowing three properties of the basis Basg = {vj A wj A of C^2n,£ given in Theorem|Sl 
The first is that, if vj A wj A is in Basi-i and 1 ^ J, then u/ A t«i A wj A is in Basg. We 

denote the subset of iJasf consisting of such elements by Bas^ . 

The second is that, if vj A wj A S^k is in Basi+i and J = (1, J'), then vj A wj' A is in Basi. 

We denote the subset of Bas^ consisting of such elements by BasJ . 
The third property is 

Basi = Bas'^ Li BasJ . (96) 

It follows that ipm is bijective. Moreover ipm preserves the degree sinec deg^^ wi = degj^^i = 0. Thus 

ch(Im.^™) = chL/^„„^i +chC/^'„,„_i = ch[/2„,™, 

where we use ()96|l to derive the last equation. Thus the lemma is proved. Q.E.D. 
We have the exact sequence: 

— > Keri^m — > U2n,m ® C^2n,m-i — > Im (/^m — > 0. (97) 

Then 

ch(Im93„i) = chC/2„,„i + chC/2„,„i_i - ch(Ker(^,„). (98) 
For two polynomials /((/), g{q) of q we denote 

f{q) > 9{q), 

if all the coefficients of f{q) — g{q) are non-negative. By (|94|l we have 

Im<^m_i C Kerifini. 

Then, by H98|) and Lemma 1201 we have 

ch(Im.^™) < chJ72„,m + ch/72„,,„-i -ch(Im.^™_i) 
= chL/2„,m = ch (Im(p„). 



36 



Thus 



which proves Lemma Il9l Q.E.D. 
Let us prove 



It is sufBcient to prove 
Suppose that 



By taking exterior product with wi we have 

{wi A &) A Ci = 0. 

Since the map 

: A™H(2") — > ^m+2^(2«)^ < m < n - 1, 
is injective as proved in [18j using the representation theory of 5^2, 

wi A 6 = 0. 

Thus we have 

^e^i{a,b) = (0,0). 

Therefore, by Lemma ^1 we have 

(a, b) e lmipi^2- 

Consequently H100() is proved. 
FinaUy the equation 

Kei Pi = Im 

is obvious by the definition of M2n,e- Thus ThcorcmElis proved. Q.E.D. 
Corollary 5 We have 





' 2n ' 




2n 




( 


£ 






) 

9 



Proof. By Theorem |51 
chM2„ , 



Ch U2n,£ - ^{-^Y (ch U2n.e^l~r + ch U2n.e~2~r) 
r=0 

chU2nJ - Ch;72,, 



(99) 



(100) 
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Then the corollary follows from Q.E.D. 

For a non-negative integer A let us consider the direct sum of Al2n,e with n — i being fixed: 



Then, by Corollary |31 we get 



chM 



(0) 



2A 



Mil' ■-- 





■ 2n ' 




2n 




( 


(. 




l-\ 


) 

1 



(101) 



Let Ai, i = 0, 1 be the fundamental weights of 5/2, ^(A;) be the level one irreducible highest 
weight representation with the highest weight A,j, 

the Chevalley generators of SI2 and d the scaling element 7". Consider the subspace of V{!^i) consisting 
of 5/2 highest weight vectors with the SI2 weight /i; 



Then 



y(Aj|/z) = {w e l^(Ai) I eiv = 0, hxv = tiv }. 
chM^^^) =trv(A„|2A)(g-'), 



which is the branching function of 2A + 1-dimensional irreducible representation of s/2 in the repre- 
sentation V{Kq) of sl2- In fact if we multiply (|101|l by the character x\{'^) of the 2A -I- 1-dimensional 
irreducible representation of s/2 we get 



°° 2ri 2n-2l^,n^ 
z q 



A=0 



^ [£U \2n-eU' 



which is the fermionic form of the character of V{Aq) presented in [51llO|. 

The space y(Ao|2A) becomes the irreducible representation of the Virasoro algebra with c — 1 
and /i = A^ fj^. It follows that [E] 



tr 



J=0 



10 The case of odd number of variables 

In this section we study the case where the number of Xj's is odd. The structure is similar to the 
even case. But there are some differences in the construction of a basis. Thus we consider this case 
separately. We omit the proofs of the statements if they are quite similar to the even case. 

l<r<n + l, s^Zhy the same recursion relation as (|18|l : 



Let us define Pi.s"^^\ 



p(2n+l) 
p(2n+l) 



J2TI+1) 

-2s-l ' 



(2n+l) 



r~l,s + l 



J2n+l)p(2n+l) 



--2s 



r-1,1 



for r > 2. 



(102) 



Then for s < 0. 
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Proposition 11 (i). Pr^s"^^-* = for r > 2 and s > n + 1. 



/,-,■) p(2n+l) _ p(2n-l) _ 2 p(2n-l) 
( OLJ . ir,s — J r,s r,s — l 

Let US define < z < n by 

n n+1 n+1 



^(2„+l) ^ ^ eg"+^)x2^ t,f = ^ ^(2«+l)^20--l) _^ ^(2n+l) ^ ^ " ^ . 



i=o i=i i=i 

By Proposition [TTl 

Notice that 

J2n+1) ^ ^(2„+l) ^ ^(2„+l) ^ ^(2„+l) ^ ^(2„+l) ^ ^. _^ 

We set, for 1 < fc < n, 

„,(2n+l),y ^^ _ -'^l ~-^2 / (2n+l).y . (2«+l) . y ^ (2«+l).y ^ (2«+l) . y ^^ 

^?fe (-^1,-^2) - ^ ^ [Vg (AijW^_-^ (A2j+Wo i-^2jWj._;^ (AijJ 



Then 

which means 

We have the relation 



X1+X2 

(2n+l),^ N (2n+l).-^ n {2n+l) , ^ s {2n+l) , ^ s /i r>o\ 



^(2«+l)^^(2„+l)^ p±(^f"+^))=0, 



^fe^"'*'^'' ^ C^2n+1,2- 



^(2n+l) _ (2n+l) „(2ri+l) _ .(2n+l) 
■^1 — ''^O J "2 — SI 



We set 

where /, J, K satisfy ^7^-^^ and define 

Bas° = Bas°+ U Bas°f~ . 
It follows from the even case that the cardinality of Bas°^ is 



2n \ / 2n \ / 2n + 1 



The degrees of elements are given by 



degi v^t^''^ = 0, degi "+^' - 2z - 1 ^ 0), deg^ i«f "+^^ = 2j, deg^ = 2fc - 2. 

The structure of U2n+i.i is given by the following theorem. 
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Theorem 10 (i). The module U2n+i.e is a free R2n+i-'module of rank (^"/^) with Bas°^ as a basis, 
(a). The character ch2n+i.e of U2n+i,i with respect to deg-^^is given by 



ch2n+i,. 

Let us first prove (ii) assuming (i). Let 



2n+l 

£ 



By Proposition IHl we have 



We easily have 



2n 

£ 



n 

£i £2 £3 



2n+l.£ - ^„,^_i + 



(104) 



where in the right hand side the first and the second terms are the characters of Bas°^^ and Bas°f 
respectively. Notice a similar identity to H49fl : 



£1 £2 £3 



[£z + 



n 



which implies 



J2t2 



n 

£1 £2 £z 



n 

£1 £2 £3 



£1 £2-1 £3 + 1 



£1 £2-1 £3 + 1 



+ „2(£3 + l) 



£1 £2-1 £3 + 1 



Using this relation we rewrite as 

2n 

£ 



q 



ei+e2(e2-i)+2e2 



n 

£1 £2 £3 



E 

fl+^2+2£3=<' + l,«3>l 

E ^ 

^l+£2+2<'3=^ + l/3>l 



n 

£1 £2 £3 



ei+t2{e2+i)+2ia 



We easily have 



e+i 



2n 

£+1 



n 

£1 £2 £3 



b+ 



(105) 
(106) 
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The desired result follows from (gUI). Q.E.D 

The proof of (i) consists of two parts, the linear independence and the generation of the space 
U2n+i.i- Let us first prove the linear independence. It is proved by the specialization argument as in 
the even case using the result of the even case. 

Consider the specialization of variables: 

elti'=-ef,r'' = h ef"+^)=0, j^2n,2n+l. (107) 
Proposition 12 At j j^7| ) we have 

p(2n+i) = s = n + 2-r 

0, otherwise, 



(2n+l) _ ^_ ^2n „(2"+l) ^ ^2{n+l-i) ^ ^ q ^ ^2n+l-2j 



(U). 

(Hi). 

n 

^(2n+l)^_^^(2_„+l)^^(2„+l)^ 
r=l 

where the index k — r of v'^^^^^^ is read by modulo n in the representative {1,2, 
At (|1U7|I we define ai, Pi, LUi, 1 < i < n by 

(2n+l) (2n+l) (2ji+l) . ^ „ 



o (2n+l) \ ^ , ^ 

Pi = W ■ , UJi = 2^ A fir, 



r=l 

where the indices of ai, j3j are considered by modulo n in the representative {1,2,- •• ,n}. By 
Proposition ll2l {ai,l3j,^} are linearly independent. 
Corresponding to Bas°^ we define 

SBasr - {af A /jf '+^) A 4'"+^'}, 

where I,J,K satisfy H27|) - (|30|) . By Theorem [7| and |S1 elements of SBas°~ are linearly independent. 
Thus elements of 

7 A SBas°gZi U SBas°^- 

are linearly independent. Consequently elements of Bas'^ are linearly independent over i?2n+i- 

Next let us prove that elements of Bas^ generate U2n+i.e over i?2n+i. Number the elements in 
Basi from 1 to (2"+^) ^^d name the r-th element Qr- Expand Qr as in (|53|l and define the ( ) 
by (^"/^) matrix by the similar formula to |MJ. The assertion follows from 

Proposition 13 We have 

det = c • (A+ 

/or some non-zero constant c. 
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Let 



(108) 



and 

I,J,K 0<si<---<se<2n 

where {I,J,K) runs index sets such that ul^"^^-* A Wj^"^^' A ^j?"^^'' G Bas°. Then Proposition 1131 
foUows from 

Lemma 21 



2n + l\ / 2n \ / 2n - 1 



£-1 



- 1 



The proof of this lemma is similar to that of Lemma [Till 
In this way (i) of Theorem^|is proved. Q.E.D. 



In the following wc omit (2?! + 1) of w^^^"^^-* etc. 
Let 



U2n+1.£-1 A t;o + U2n+l,e-2 A ^1 



We define the maps (pg, Pi replacing U2nj by U2n+iJ, wi by vq and JVhnj by M2n+i,i in the 
definition of ipe, ipi and pe. We introduce a grading on M2n+i,£ by deg2. 
Then 



Theorem 11 (i). The following sequence is exact for < i < n: 

'■PI-2 



> U2n+lfi — ^ U2n+l,l ® C^2n+1,0 — ^ 



u- 



2n+l,i 



2n+l,£-2 



> L/2n+l/ > -'"2n+l,£ 



(ii). We have 



chM: 



i(2n+l)2 



2n+lJ 



[2n+l], 



" 2n + 1 ' 




' 2n+l ' 






1 


£-1 


) 

9 



Similarly to the even case if we set 



we have 



[2n + l], 





' 2n + 1 ■ 




' 2n + 1 ■ 




( 


£ 


q 


^-1 


) 

q 



which is equal to 



try(Ai|2A+l)(g ''+^) = - 



|(2A+1) = 



(1 - 
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A Proof of Proposition [2] 

Let us write the integrand of Im{P) by Jm{P)'- 

r ^ 

im{p)= / n'^"'^"^*^^^)- 

•^C'* a=l 

We simply write Res instead of writing 

ReS^^=/3^_^+7ri- 

We divide the case into four: (I), n - l,n ^ A/, (II). n-l ^ M,n ^ M, (III) n-l ^ M,n e M, 
(IV). n — 1 e Af, n G 7\f . As in the proof of Proposition 3 in J2| one can calculate the residue in the 
following way according as the four cases. 

(I). 

1 ^ 
— Res/ji/(P) = Res^ / (ReSa„=;3„_i-7ri Jm(^')) TT da^. 

Z-Kl ^f- 



(II). 



(III). 



(IV). 



1 ^ 

— Res/A/(/') = Resy^ (ReSa„=/3„_i_^i Jm(-P)) TT dab 
—Res / (ResQj=;3^_j Jm{P)) \ \dab. 

•^^ b=l 

1 ^ 

— -Res/Af(^') = Resy^l iReSa^=p^_:^-T:iJMiP))Y\dab 
—Res / (ReSaj=/3„_j Jm{P)) dab 

b=l 

I 

+i?es> / (ResQ„=/3„_i+^i Jm(-P)) da, 

— lr-£~i 



■b 



-^Res Jm(P) = Resy [ (Resa„=/3„_i-., Jm(P)) TT '^"^ 
-Res / (ResQ„=;3„_i Jm(^')) TT 



+Res\^ / (Resa„=^„_i4.^i Ja/ (P)) TT c^ab- 

f^l-^C^-^ b/a 

The theorem can be proved by the calculations using these formulae. 
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